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Size-dependent second-harmonic generation from gold nanoparticles
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We experimentally and theoretically investigated the second-harmonic (SH) radiation from spherical gold
nanoparticles as function of the particle radius in the range from 40 to 100 nm. By fitting the measured SH
intensity to an analytical model, we demonstrated size-dependent second-order susceptibility tensor components,
which significantly increase by reducing the size of the particles. Finally, we found new SH polarization diagrams
for large particle radii arising from the interference among the different multipolar terms.
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Nonlinear optical phenomena have been extensively investigated in last decades. Fundamental light-matter interactions
can be unveiled, and novel on-chip optical functionalities
enabled. Efficient high-order harmonic generation, frequency
mixing, wavelength converters, optical switches, and modulators can be engineered for innovative applications [1,2]. Noble
metals such as Au, Ag, and Al may exhibit strong nonlinear
response at optical frequencies. In fact, intense electric
fields are generated at metal surfaces because of plasmonic
oscillations, which enhance the nonlinear response [3–7].
Second harmonic (SH) generation is a frequency doubling
process in which two photons (generally in the near-IR)
interact in a nonlinear material and one photon (in the visible)
is generated [1]. SH generation from nanostructured metals has
received wide interest in the last few years. The dependence of
the SH radiation on the polarization of the pump beam and the
particle shape has been addressed for metallic colloids as well
as for planar arrays of nanoparticles on a substrate [8–21].
Both the bulk and the surface of the metal contribute to the
SH generation from noble metals nanoparticles. In particular,
the bulk contribution has a nonlocal origin because of the
material centrosymmetry, whereas the surface contribution is
of local type [22–26]. In the Rayleigh limit (R  λ/2π ) the
SH radiation generated from the nanoparticle is dominated by
both dipolar and quadrupolar components. Both the nonlocalbulk and the local-surface SH sources contribute to the induced
SH electric dipole moment, while only the local surface
sources contribute to the induced SH electric quadrupole
moment [10,27]. As the nanoparticle radius increases, a SH
octupole component arises. Evidence of interference effects
between the SH dipolar and octupolar sources have been
reported for nanoparticles of fixed size [13,14]. Recently, using
the nonlinear Mie theory we have theoretically predicted that
SH dipole-octupole interference would provide a wide variety
of patterns in the p component [28].
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The SH signal dependence on the particle size has been
investigated in the past years for polymer colloids with radii
in the 100 nm to 1.5 μm range [29,30]. In Ref. [10], the
SH response has been investigated for gold nanoparticles
with radii in the 5 to 75 nm range. The hyperpolarizability
tensor is commonly used to characterize the SH radiation
from nanoparticles in the small-particle limit. However, if
retardation effects become important, a description based on
the second-order susceptibility tensor is necessary [27,28]. An
alternative approach makes use of an effective susceptibility to
describe nonlinear scattering of arbitrary order [31]. Recently,
the important components of the susceptibility tensor have
been experimentally evaluated for gold spherical nanoparticles
of radius R = 75 nm [14]. However, the role played by the
nanoparticle size on the SH generation process, as well as the
experimental determination of the second-order susceptibility
tensor are still open issues.
In this paper, we investigate the SH generation from gold
colloids as the nanoparticle radius varies in the range from
40 up to 100 nm. We quantify the second-order surface
equ
equ
susceptibility components χ⊥⊥⊥ , χ⊥ , and χ⊥ by comparing
the measured SH radiation patterns with rigorous predictions
from the nonlinear Mie theory [28]. This study demonstrates
that the second-order susceptibility tensor components of gold
nanoparticles is significantly increased by reducing their size.
We have measured the SH radiation generated from a set of
commercial (BBI Solutions) monodispersed gold colloids in
pure water (with residual chemical concentration of 0.01%).
The nanoparticle shape is spherical with radii 40, 50, 75,
and 100 nm, and with a size variation less than 8%. The
experimental setup is sketched in Fig. 1(a). Gold colloids
are excited by a pulsed Ti:Sapphire laser (MaiTai HP Spectra
Physics, 150 fs pulse width, 12 nJ pulse energy, 82 MHz
repetition rate) operated at λ = 800 nm and λ = 840 nm, and
propagating along the z axis. Gold colloids in the investigated
size range show plasmon resonance peaks in the 500 to
650 nm wavelength range, where neither the pump laser
nor the second-harmonic wavelengths are located. The laser
output is linearly polarized and we rotate the polarization
in the xOy plane, using a half-wave liquid crystal variable
retarder (Thorlabs LCC1111-B); α is the angle formed by
the direction of the electric field with the x axis [Fig. 1(b)].
The beam is focused onto the colloidal solution through a
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particle bulk [23]:
(2ω)

↔(2)

Pb = ε0 χ b :E(ω) ∇E(ω) ,
↔ (2)

(2)

↔ (2)

where χ s and χ b are the corresponding surface and bulk
second-order susceptibility tensors, respectively, and ε0 is the
vacuum permittivity. Since the nanoparticle surface possesses
isotropic symmetry with a mirror plane perpendicular to it,
↔ (2ω)
the second-order surface susceptibility χ s has only three
nonvanishing and independent components, χ⊥⊥⊥ , χ⊥ , and
χ⊥ = χ⊥ , where ⊥ and  refer to the orthogonal and
tangential components to the particle surface [22]. Therefore
Eq. (1) reduces to
= ε0 [χ⊥⊥⊥ n̂n̂n̂+χ⊥ (n̂t̂1 t̂1 + n̂t̂2 t̂2 )
P(2ω)
s
+ χ⊥ (t̂1 n̂t̂1 + t̂2 n̂t̂2 )]:E(ω) E(ω) ,

FIG. 1. (Color online) (a) Experimental setup: Ti:sapphire ultrafast laser, liquid crystal variable retarder (LCVR), low-pass filter
(LPF), objective (OBJ), gold colloids (C), lens (L), analyzer (A),
short-pass filter (SPF), detector (PMT). (b) Excitation-collection
configuration: the pump beam k(ω)
0 propagates along the z axis and
is linearly polarized in the xOy plane (α is the angle between
the x-axis and the electric field E (ω)
0 ). The signal is collected along
the x axis and its p and s components, with respect to the scattering
plane xOz, are analyzed.

20× microscope objective. We measure the intensity of the
SH radiation generated by the nanoparticles along the x axis,
i.e., the excitation and the collection directions form an angle
θ = 90◦ . The signal output is collected by a 30 mm lens and
coupled into an f/4 monochromator (Cornerstone 260). The
pump light was rejected by a 650 nm short-pass filter placed
in front of the monochromator slits, along with a polarization
analyzer. The SH spectra have been detected with a lock-in
amplifier (Oriel Merlin) coupled to a low-light photomultiplier
tube (PMT, Oriel Instrumentation 77348). Absolute values of
the SH power have been measured using the procedure already
discussed elsewhere [32,33].
This excitation-collection configuration has the remarkable
property that it allows for the separation of the radiation
generated from different multipoles of the SH source. In
particular, the collected SH radiation is analyzed in its p and s
components with respect to the xOz scattering plane; namely,
the intensity of the SH electric field components along the z
and the y axis, as shown in Fig. 1(b). The odd-order multipoles
only contribute to the p component (along the z axis) of the
SH signal, whereas the even-order multipoles only contribute
to the s component (along the y axis) [28].
The sources of SH radiation in centrosymmetric nanoparticles can be represented by a nonlinear polarization induced by
the electromagnetic field E (ω) at the fundamental frequency
ω [27,28]. This nonlinear polarization is composed by a local
(2ω)
contribution Ps on the particle surface  [22]:
↔ (2)

P(2ω)
= ε0 χ s :E(ω) E(ω) ,
s

(1)

where E (ω) is the electric field at the fundamental frequency
(2ω)
at the inner face of , and a nonlocal contribution Pb in the

(3)

where n̂ is the normal to the particle surface pointing outward
and t̂1 , t̂2 are two orthonormal vectors defining the plane
tangent to the particle surface, such that (n̂,t̂1 ,t̂2 ) is a counterclockwise triad. Moreover, since noble metals are isotropic
↔ (2)
homogeneous media, the second-order bulk susceptibility χ b
can be written as [22,27]
Pb = ε0 γ ∇(E(ω) · E(ω) ) + ε0 δ  (E(ω) · ∇)E(ω) ,
(2ω)

(4)

where γ and δ  are material parameters [22]. The second
contribution in Eq. (4) has been neglected in Ref. [14], and
it has been experimentally demonstrated to be smaller than
the other contributions in Ref. [34] for a gold film. This
contribution is ineffectual in the experimental configuration
of our experiment, as demonstrated in the Supplemental
Material [35]. It is also well known that the contribution of
the term γ to the SH radiation at the external of the particle
may be described through the equivalent surface sources
[γ ε0 /εi (2ω)] · [n̂n̂n̂ + n̂( t̂ 1 t̂ 1 + t̂ 2 t̂ 2 )] [22,28]. Consequently,
we consider a sphere with only surface SH sources described
through the equivalent second-order surface susceptibility
components [28,34]:
equ

χ⊥⊥⊥ = χ⊥⊥⊥ + γ ε0 /εi (2ω) ,
equ

(5)

χ⊥ = χ⊥ + γ ε0 /εi (2ω) ,

(6)

χ⊥ = χ⊥ .

(7)

We estimate the equivalent second-order surface suscepequ
equ
tibility components χ⊥⊥⊥ , χ⊥ , and χ⊥ by measuring the
SH intensity scattered by the gold colloids. In particular, we
minimize the root-mean-square deviation (RMSD) between
the experimental and analytical distribution of the SH radiated
power per unit solid angle dPε̂(2ω)
(x̂)/d at the collection
∗
direction [see Fig. 1(b)], as the α angle varies from 0◦ to
(x̂)/d is obtained
360◦ . The analytical expression of dPε̂(2ω)
∗
by solving the second-harmonic Mie scattering problem for
the equivalent sphere. The theory of nonlinear Mie scattering
has been developed in the last decade (see for instance
Refs. [36–39] and references therein). Here we follow the formulation of Ref. [28], in which we consider all the local-surface and nonlocal-bulk SH sources
relevant to metal nanoparticles. The SH electromagnetic field is expanded in terms of spherical vector
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(J )
wave functions (SVWFs) {M(J
mn (kr,θ,φ),Nmn (kr,θ,φ)}, where
(r,θ,φ) are spherical coordinates having origin at the
sphere center and k is the wave number. The SH
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power per unit solid angle radiated along the x axis and
collected through an analyzer with polarization state ε̂ ∗ = ẑ
(SH p component) and ε̂∗ = ŷ (SH s component) is

 (2ω) 2 



2
N 
n
rE  


dPε̂(2ω)
(x̂)
π
π
∗
c
(2ω) (3)
(2ω)
(2ω) (3)
(2ω)
,
ε̂ ∗ ·
k
k
= lim
,
φ
=
0
+
a
,
φ
=
0
b
M
r,
θ
=
N
r,
θ
=
mn
mn
e
mn
mn
e


r→∞
d
2ζe
2
2
n=1 m=−n

where ke(2ω) and ζe are, respectively, the wave number and the
impedance of the external medium, Ec(2ω) is a characteristic
electric field [28], and N is the maximum order of SVWF
(2ω)
(2ω)
used. The SH scattering coefficients amn
and bmn
depend
on the fundamental field wavelength λ, the polarization angle
α, and the second-order nonlinear susceptibility. In particular
equ
equ
(2ω)
(2ω)
amn
and bmn
are linear functions of χ⊥⊥⊥ , χ⊥ , and χ⊥ and
their analytical expressions are given in terms of the ClebschGordan coefficients [28,40]. Due to the spherical symmetry,
(2ω)
only depend on χ⊥ . The identification
the coefficients bmn
of the equivalent second-order susceptibility components is
performed by setting N = 10. For the investigated particle size
and incident wavelength, the non-negligible SH multipoles
are the dipole (n = 1) and octupole (n = 3) for the SH p
component, and the quadrupole (n = 2) for the s component.
In the small-particle limit (i.e., R  λ/2π ), the SH p
component is governed by the SH dipole, resulting in an
intensity independent of the pump-polarization angle α [27]. In
Fig. 2 we show the pump-polarization dependence of the SH p
component at the pump wavelengths λ = 800 nm (top panels)
and λ = 840 nm (bottom panels) obtained from measurements
(points) and nonlinear Mie theory (lines), as we move away
from the Rayleigh limit. The resulting RMSD is less than 10%.
In the polarization diagrams shown in Figs. 2(a), 2(b), 2(e),
and 2(f) a small octupolar component arises, and the interference between the SH dipole and octupole components
results in a ellipsoidal pattern with maximum intensity for
α = 90◦ , as already shown in Ref. [13]. By further increasing
the nanoparticle radius we observe in Figs. 2(c), 2(d), 2(g),
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and 2(h) the appearance of two maxima at α = 0◦ and α = 90◦ .
This variety of patterns in the p component is related to the
interference between the dipole and octupole terms, depending
on the particle size, as predicted in Ref. [28]. On the other hand,
the pump-polarization dependence of the SH s component
(not shown) is only dominated by radiation generated by the
quadrupole component of the SH source, and no interference
appears.
Figure 3 shows the maximum power of the measured p and
s components (detected at α = 90◦ and α = 0◦ , respectively)
as a function of the particle radius for two values of the
pump wavelength. The measured power has been normalized
to the particle concentration for each size of gold colloids.
The relative intensities of the p and s components significantly
vary with the particle radius. The intensity of the s component
is greater than the intensity of the p component for radii
larger than 50 nm. The intensity of the p component increases
monotonically whereas that of the s component shows a
maximum around 75 nm. The peak position of the s component
is expected to shift to larger particle radii when the pump
wavelength is increased from λ = 800 nm to λ = 840 nm, in
agreement with the theoretical analysis presented in Ref. [28].
Figure 4 shows the estimated components of the equivalent
second-order surface susceptibility tensor as a function of the
particle size and for two pump wavelengths. A clear trend
versus the particle size can be observed. In particular, the
equ
components χ⊥⊥⊥ and χ⊥ acquire their maximum value at
the smallest investigated particle size and show a monotonic
decrease when reducing the particle size, for both the incident
equ
wavelengths. On the contrary, the component χ⊥ does not
show a monotonic trend with the particle size, and it displays
a maximum at a particle size that depends on the incident
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FIG. 2. (Color online) Intensity of the SH p component as function of the angle of polarization of the pump beam α, for (a),
(e) R = 40 nm, (b), (f) R = 50 nm, (c), (g) R = 75 nm, and (d),
(h) R = 100 nm. The pump wavelengths are (a)–(d) λ = 800 nm
and (e)–(h) λ = 840 nm. Points are experimental data and lines are
calculated values. Curves are not to scale.
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FIG. 3. (Color online) Maximum power of the measured p (blue)
and s (red) components (detected at α = 90◦ and α = 0◦ , respectively) as a function of the particle radius, at the pump wavelength
(a) λ = 800 nm and (b) λ = 840 nm. The measured power has been
normalized to the particle concentration ρ for each size of gold
colloids.
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FIG. 4. (Color online) Components of the equivalent secondorder surface susceptibility tensor as function of the nanoparticle
equ
size. Left-hand scale: χ⊥⊥⊥ (blue) and χ⊥ (green); right-hand
equ
scale: χ⊥ (red). The pump wavelengths are (a) λ = 800 nm and
(b) λ = 840 nm.

wavelength. However, its amplitude is up to two orders of
magnitude smaller than the other two components. Since the
equ
equ
SH sources χ⊥⊥⊥ and χ⊥ radiate in the same way [22], the
contribution of the latter component to the SH radiation is
negligible. In the framework of the hydrodynamic model for
the SH generation from gold, χ⊥ is negligible and the γ bulk
contribution is separable from the surface contributions χ⊥
and χ⊥⊥⊥ in Eqs. (5) and (6) [14,41].
The finite curvature of the particle surface, as well as
the enhanced surface-to-volume ratio of smaller spheres, can
explain the measured dependence of the second-order surface
susceptibility tensor on the particle size. Moreover, the colloid
solution can modify the properties of the gold surface [42–44].
Figure 5 shows the calculated multipolar contributions
Pn(2ω) /P (2ω) to the total SH power P (2ω) radiated in all
directions, for the orders n = 1,2,3. In the investigated size
range, the SH contribution P1(2ω) /P (2ω) due to the SH dipole
decreases as the particle size increases and shows a minimum
at R = 75 nm. Analogously, the SH quadrupolar contribution
P2(2ω) /P (2ω) increases with the particle size and displays a
maximum at the same radius.
The SH octupolar term P3(2ω) /P (2ω) , which is expected to
be zero for R  λ, increases monotonically in the investigated
size range. It is interesting to note that, although P3(2ω) /P (2ω)
is always smaller than P1(2ω) /P (2ω) for the investigated
nanoparticle radii, the interference between the two SH
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